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Multiscale Modeling
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=PFL - From quantum mechanics to atomistics

Quantum mechanics resolves the dynamics of all fundamental particles including electrons surrounding the nuclei.
Atomistics take a coarse grained view of the problem, where the electron interactions are condensed out.
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=PFL  Atomistic simulation

Atomic positions:

qt) ={qi(t),...,an(t)}

Atomic momenta:
p(t) ={p:(?),....,pn (1)}
Total Hamiltonian of the system:

N 2
MH(g.p)=>_ gﬂ_ +V(q)

i=1 ¢

Hamiltonian equations:

_ 97 y — it
“ap YT g

Equations of motion:

q

oV

miqg; = fi(q) = —
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=PFL. Molecular Statics

Equations of motion (dynamics):

. oV
mig; = fi(q) = e (q)
For molecular statics (zero temperature), the equations reduce to:
oV

Which amounts to minimizing the potential energy of the system
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=PFL  Interatomic potentials

Interatomic potentials and their approximations:

N
| 1
Vig) =) Vila)+ 2 > Valgi ;) + 3 > Valgi g ar) + -
i—1

i7]

Pair (two-body) potentials:

Vig) =) flaia) =D f(rij)

i#] i#£j
1 O
e Coulomb (ionic): V(q) = QiQ;
dmeg “— Tij
i#]
A B
* Lennard-Jones (ideal gases): V(r) = o + o

* Morse (“simple” metals):
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Vir) = D[l —exp (—a(r —rp)) }2
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=PFL  Interatomic potentials
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Interatomic potentials and their approximations:

Zvl Qz + ZVZ q“q.? Z V3(Qu‘137q‘k)+ \\

z#J %#J i#k ="

Three-body potentials:

o Stillinger-Weber (silicon):  V(q) = Z Va(rij) + Z Vs (i, Tiks Biji)
ijeL i.jkeL <

* Embedded Atom Method (EAM) (metals): V;(q) = % Z D (ri5) +U(pi)

JjeEL
* ForceField (organics):  V(g)= > k™ (ryj—req)?+ D K0 —0cg)? + D kitednlp(g, 6;)
i,jE€bonds i€angles i,j€bonds
S T Z 4e;; — ol s + Z = _
N = Tij Tij = 47T807’Z‘j
5 i,jEL 1,JEL



=PFL  Interatomic potentials

All the above potentials are anharmonic.

One can always construct a quasiharmonic approximation, through a Taylor expansion:

oV 10%V 5
V(’l") = V(TO) + E . (7“ — 7“()) + 5_87“2 N (7“ — 7“0) + h.o.t
By definition the linear term vanishes at equilibrium:
C
Van(r) = V(ro) + 5(7“ —79)” Vo
L :th
with a force constant: ,' °
A
32V TO | o
C=—=| >0 o
g Or? - 1/
3 ° Y
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=PFL Equilibrium spacing

equilibrium spacing between two atoms
= energy minimum
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equilibrium spacing in an infinite crystal
= energy minimum
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=PFL  Influence of free surfaces

schematic view of atoms near the forces on atoms due to free surfaces
(geometric) surface of a crystal (all atoms at equilibrium spacings)
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ePFL - Cauchy-Born: Effective elastic properties atOK
Cauchy-Born rule applied to atoms: resulting energy, stresses, stiffness: §
Qo= FQo, a=1,...,N W(F) = —V({a,...,av})
2] 0 0 0a,
— —0 N > 0F ~ 2 9q. OF
o /| e P(F) =~ > fal@) © Qs
e F o |Q’ 1 2 9 g,
o ﬁf - 0 Y . OF ~ 2~ 0q, OF
o o 27 o CiJkL _ g]-z Z af ZZ ( )Qg %
o SEON €] ab—1 dqy,
e.g., EAM potential:  V;(q) = % Zfl)(mj) + Ul(pi) pi = Zf(m)
jec JEL
il s 2B
cian = 17 U (6) | 20 110~ ] > 7
acl BeL
4 Z {((U’(p)f”(?‘a) + %q)ll( a)) - Tia (U,(p)f/(’l"a) + %(I)I(ra)>) 1 r(';{ar)k;‘ ] }
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ZPFL - Statistical Mechanics - Micro and macrostates

Ensemble and realizations:
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m Recall realizations containing the same volume fraction of particles:

macrostate: volume fraction v of the black phase
microstates: geometric realizations above

m  When the locations g of all particles are known, we can uniquely calculate the macrostate: v =v(q)

m More generally, all realizations (p,q) complying with the same macrostate.A form an ensemble.

m In atomistics, typical macrostates are energy, temperature, pressure.
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L Statistical Mechanics - Averages

-
N

K.Karapiperis

0.37

0.365

Macrostates are best averaged over time to remove fluctuations:

t+At
: / Aq(r),p(r)) dr

0.36 !M

A(t)

0.355‘l

0.35

Equilibrium implies
1

0.345}
lim

ﬁ_

PO

t+ At
A
Jim o= /t (q(7),p(7)) dr

If we introduce an ensemble of fixed macrostate B (e.g., temperature),
we may run many simulations with different ICs to find all those
realizations compliant with B, over which we average:

1 2 .
N Z AB(pomqa) 30::0.0..:.1
N =1

For example, we may fix the temperature (B = temperature) and
evaluate the average energy of the system (A = energy).
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=PFL - Atomistic ensembles

m The microcanonical ensemble (NVE-ensemble) describes an isolated system
with constant energy E, constant particle number N and constant volume V,
therefore we refer to this as the NVE-ensemble.

m The canonical ensemble (NVT-ensemble) describes a system in contact with a
heat bath, i.e. in constant temperature, besides constant particle number N and

constant volume V.

m The grand canonical ensemble (uVT-ensemble) is an extension of the canonical
ensemble and describes a system in contact with both heat and particle baths,
i.e. constant temperature, volume and chemical potential p.

Note: There are further ensembles (e.g., NpT)
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PFL The statistical probabilisty distribution

If we wait infinitely long, the system will have visited every accessible state (ergodicity).

1 n
(A)~ = Algn, Pn)
i=1
introduce a probability distribution (probability density):

/Fp(q,p) dpdg =1

such that

(A) = /F A(q,p) p(q,p) dp dg

The probability distribution may depend on any fixed macrostates.
It therefore varies between ensembles.
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Zero-temperature Atomistic simulation

Atomic positions:

q(t) =1{qi(t),...,qn(t)}

Total Hamiltonian of the system:

N 2
H(q,p) = Z ‘pi‘_ +V(q)

2m

Equations of motion:

ov
midi = fia) = =@

Solve numerically q(%) using
explicit time integration
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=PFL Algorithmic realization - Velocity Verlet scheme
(i) start with ¢ =0 and known ¢} and v = p?/m
(i) f; =—-0V/9qi(q")
(iii) a? = f?/m,;
(iv) while ¢t < tong:
g’ = qf + vPAL + FEAL2m;
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fit = -0v/0q;(¢* )
a(_Jé-l-l _ fq+1/mi

v = 0® + At(ad +afth)/2

all atoms within the
Verlet radius are considered
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PFL - Some classical thermodynamic results

Some classical thermodynamics and the link to phase-space quantities:
U= (H) (note: for an isolated system E =U )

0S 1 1
ao-1 W I'=555E

S(E) = kg InVa(E)

After a lot of math, one arrives at these relations:

2
P 1
<27;%> - §kBT (equipartition theorem) ® o o o
L ) ® °
Tl 2<Kvibr.>
3NkB ° ° L °
. 1 - /Pa®p
: = — L irial stress t
: o 5] Z < T + fu® qa> (virial stress tensor)
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=PFL  The canonical ensemble - Enforcing temperature

Recall the definition of temperature:

=
O

K.Karapiperis

N
2 m; 2 .
T() = 3y 25 100 with S = v,(t%) — P(t%)/m; P =33, miv;
Imposing an initial temperature onto an atomic ensemble:
1. assign random velocities to all atoms
0 0 pY
2. Y s — i with M = Zmz and calculate T©
Vi
0 ini 0
3. B & TO
Verify:
2 & 2 O 2 &
© 0 1n1 0 1n1 0
% 3N]€BZ; H(S H BNkBZ; g Il H H 70 3NkBZ; 2 H’U H Tini
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=PFL The canonical ensemble - Maintaining temperature
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The thermostat modifies the equations of motion to maintain a constant temperature:

Langevin thermostat: ) )
random, time-varying force

e . / . .
miq; = fi — vimiqg; + 97;(15)‘ (Brownian motion)
T

damping

Nosé-Hover thermostat:

miq; = Ji — WM%

non-constant drag aims to drive the system to the enforced
temperature
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EPFL - Discussion
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That’s what | prepared for you today.
What would you like to discuss?
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Reading for next class:

Multiscale Modeling, D. M. Kochmann
Chapters 17, 18
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